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Abstract
This paper examines a price-setting mixed duopoly model in which a stateowned public firm and a private firm produce complementary goods. There is
no possibility of entry or exit. Each firm has one owner and can hire one manager
to make its production decisions. The paper first analyzes the following four
possible cases: neither firm hires a manager, only the private firm hires a
manager, only the state-owned public firm hires a manager and both firms hire
managers. It is shown that economic welfare is identical in all the four cases.
Next, this paper presents the equilibrium of the model. The paper shows that
there exist two equilibrium outcomes: only the public firm hires a manager and
neither firm hires a manager. As a result, it is found that the equilibrium of the
paper is contrast with that obtained under price-setting mixed duopoly
competition with substitute goods, where both the public firm and the private
firm hire managers.

Keywords: Bertrand model, managerial delegation, mixed duopoly, private
firm, public firm

Introduction
The analysis by (White, 2001) examines firms’ decisions whether to hire managers
when a state-owned public firm with economic welfare objectives competes on quantity
against private firms with profit objectives, and demonstrates that in equilibrium only
private firms hire managers. (Fernández-Ruiz, 2009) examines managerial incentives in
a quantity-setting mixed duopoly model where a state-owned public firm competes
1
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against a foreign private firm and demonstrates that in equilibrium both firms hire
managers. (Bárcena-Ruiz, 2009) examines a price-setting mixed duopoly model in which
a public firm and a private firm produce substitute goods and shows that in equilibrium
both firms hire managers. In addition, (Ohnishi, 2018) examines a mixed duopoly model
in which a state-owned public firm competes on price against a foreign private firm and
demonstrates that there is a equilibrium solution in which only the foreign private firm
hire a manager.
In this paper, we analyze managerial incentive contracts in price-setting mixed duopoly
competition where a public firm and a private firm produce complementary goods. Each
firm decides whether or not to hire a manager. We present the equilibrium of the model
and as a result find that our equilibrium is contrast with that obtained under price-setting
mixed duopoly competition with substitute goods.

Model
There are two firms. Firm C is a private firm that maximizes its own profit and firm S
is a public firm that maximizes economic welfare. The duopolists produce
complementary goods. Each firm has one owner and can hire one manager to make its
production decisions. There is no possibility of entry or exit. Throughout this paper,
subscripts C and S represent firm C and firm S, respectively. In addition, when i and j are
employed in an expression, they should be understood to represent C and S with i ≠ j.
Following (Bárcena-Ruiz, 2009) and (Ohnishi, 2020), each firm’s demand as a function
of prices 𝑝𝑖 and 𝑝𝑗 is given by
qi 

a(1  b)  pi  bp j
1  b2

.

(1)

where 𝑎 ∈ (0, ∞) represents a constant and 𝑏 ∈ (−1, 0) is a measure of the degree of
complementarity among products. For simplicity, we assume that 𝑏 = −0.5. Each firm’s
profit is given by

 i  ( pi  m)qi  M i ,

(2)

where 𝑚 ∈ (0, 𝑎) represents the constant marginal cost of production and 𝑀𝑖 ∈ (0, ∞) is
firm i’s manager’s payoff (if hired). The owner of firm C seeks to maximize (2).
Furthermore, economic welfare is given by
W  CS   C  M C   S  M S
 CS  ( pC  m)qC  ( pS  m)qS ,

(3)

where 𝐶𝑆 = [𝑝02 − 2𝑏𝑝0 𝑝1 + 𝑝12 + 2𝑎(1 − 𝑏)(𝑎 − 𝑝0 − 𝑝1 )]⁄2(1 − 𝑏2 ) is consumer
surplus. The owner of firm S aims to maximize (3).
The owner of firm i can hire a manager to make its production decisions. The manager
of firm i seeks to maximize a function of firm i’s profit 𝜋𝑖 and revenue 𝑅𝑖 :
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(4)

 ( pi  i m)qi ,

where 𝛽𝑖 ∈ [0, 1] can be interpreted as a discount factor on costs.
In this model, we consider the following three-stage situation. In stage one, each owner
decides whether or not to hire a manager. In stage two, the owners who hired managers
select incentive parameters for them. In stage three, the managers or, in their absence, the
owners simultaneously and independently choose the firms’ prices. We adopt subgame
perfection as an equilibrium concept and solve the game model by backward induction.

Results
In this section, we first examine the following four possible cases: neither firm hires a
manager, only the private firm hires a manager, only the public firm hires a manager and
both firms hire managers. At the end of the section, we present the equilibrium of the
model.

Neither firm hires a manager
In stage three, the owner of firm C maximizes its profit given by (2), while the owner
of firm S maximizes economic welfare given by (3). Solving these maximization
problems simultaneously, we obtain the following prices:

pCn 

6a  m
,
7

pSn 

10m  3a
,
7

(5)

where the superscript “n” represents that neither firm hires a manager. These price choices
imply:

qCn 

8(a  m)
,
7

qSn  2(a  m) ,

 Cn 

48(a  m) 2
,
49

 Sn 

6(a  m)(m  a)
,
7

74(a  m)2
,
CS 
49
n

80(a  m)2
.
W 
49
n
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Only firm C hires a manager
In this case, at the third stage, the manager of firm C maximizes the objective function
given by (4), while the owner of firm S maximizes (3). These maximization problems
lead to the following prices:

pCc 

6a  3m  4mC
,
7

pSc 

12m  3a  2mC
,
7

(6)

where the superscript “c” represents that only firm C hires a manager.
In stage two, the owner of firm C chooses the incentive parameter 𝛽C to maximize (2).
Therefore, the following is obtained:

Cc  1 .

(7)

Notice that the manager of firm C maximizes the profit of the firm. Therefore, the
following is obtained:

 Cc 

48(a  m) 2
 MC ,
49

 Sc 

6(a  m)(m  a)
,
7

80(a  m)2
.
W 
49
c

In this case, the owner of firm C is required to pay 𝑀C to its manager.

Only firm S hires a manager
In this case, at stage three, the manager of firm S maximizes the objective function
given by (4), while the owner of firm C maximizes (2). These lead to the following prices:

pCs 

9a  8m  2mS
,
15

pSs 

9a  2m  8mS
,
15

(8)

where the superscript “s” indicates that only firm S hires a manager.
In stage two, the owner of firm S chooses the incentive parameter S to maximize
economic welfare. Therefore, the following is obtained:

Ss  1 ,
48(a  m) 2
,
 
49
s
C
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Both firms hire managers
If there is a manager at each firm, then the simultaneous maximization of these
managers’ objective functions can lead to the following price at stage three:
pib 

9a  8mi  2m j
15

,

(9)

where the superscript “b” denotes that both firms hire managers.
In stage two, the owner of firm S choose S to maximize economic welfare, as given
by (4), and the owner of firm C also chooses  C to maximize (4). From simultaneous
maximization of these objective functions, the following is obtained:

ib  1 ,

 Cb 

48(a  m) 2
 MC ,
49

 Sb 

6(a  m)(m  a)
 MS ,
7

Wb 

80(a  m) 2
.
49

In this case, each owner is required to pay 𝑀𝑖 to its manager.
Finally, we present the equilibrium of the model. From the above analyses, we find that
firm C never hires a manager. We also find that the managerial incentive contract is not
profitable for the firms in the price-setting mixed duopoly model with complementary
goods. The main result of this study can be described by the following proposition.
Proposition 1: In price-setting mixed duopoly competition comprising firm C and firm
S, there exist two subgame perfect equilibrium solutions: neither firm hires a manager
and only firm S hires a manager.

Conclusion
We have examined firms’ decisions whether to hire managers when a public firm and
a private firm produce complementary goods. We have shown that there exist two sub-
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game perfect equilibrium outcomes. We have found that economic welfare is identical
irrespective of neither firm hires a manager, only the private firm hires a manager, only
the public firm hires a manager or both firms hire managers.
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